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Thermal conductance of zero modes on the surface boundary of a
Weyl semimetal
D. Schmeltzer
Abstract
Thermoelectric conductance of Dirac materials and in particular zero modes reveals the effect
of topology .Weyl semimetals with a boundary at z = 0 give rise to chiral zero modes with-
out backscattering resulting in a significant contribution to thermal conductivity. By doping the
surface with paramagnetic impurities backscattering is allowed, and the thermal conductivity is
controlled by the decrease of the transmission function |t|2 < 1 . We attach a thermal reservoir
at the edge of the sample and study the thermal and electrical conductance. For the ballistic and
mesoscopic situations, quantum fluctuations causes oscillations of the thermal and electric conduc-
tance. The thermoelectric conductance varies periodically with the voltage bias. We compare the
thermal conductance with and without impurity scattering and observe the effects of topology. An
experimental set-up is proposed to test this theory.
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I. INTRODUCTION
Thermal conductance is the flow of heat that results from a temperature gradient[9].
Thermoelectrics are used in cooler refrigerators based on the Peltier [1] effect which pre-
dicts the appearance of a heat current when an electric current passes through a material.
Alternatively, the Seebeck effect generates an electric current from a temperature gradient
[2]. According to [9], the presence of a disorder can might enhance the figure of merit [2].
These results have been obtained within the semiclassical Boltzmann theory. Recent exper-
iment performed by [3] suggest that interference effects are important and may invalidate
the Boltzmann theory. It was shown that edge states affect the thermal cconductance [4].
Another situation where edge modes contribute to the thermal conductance are surface
zero modes of Weyl semimetals [5].The Weyl semimetals are topological materials that are
protected against localization. The disordered Weyl semimetals resemble a three dimensional
Anderson metal [10]. In agreement with this we find that the boundary surface support
zero modes . As a function of the surface width in the x direction we find 2N chiral
modes which propagate in the y direction. Due to topology the chiral modes are protected
against backscattering and the thermal conductance is given by κ = 2N
pi2K2BT
3h
with the value
of N being determinate by the temperatur. Doping the Weyl surface with paramagnetic
impurities generates a system of 2N chiral backscattering pairs. The computation is done
by the applying Landau Buttiker theory [14, 15] to Dirac materials with particles and anti-
particles. We obtain a system of N one dimensional zero modes where the Landau Buttiker
theory [7] will be applied. We investigate the thermal effects in the temperature range
where the electronic systems obey the ballistic or the mesoscopic conditions. We find that
the thermoelectric conductance fluctuates strongly with the change of the chemical potential
. This result is in agreement with the fluctuations controlled by density change observed by
[3].
The plan of this paper is outlined as follows:In chapter II we will consider a Weyl
semimetal crystal with a boundary at z = 0. As a result, zero modes lie on the two di-
mensional boundary at z = 0.In section III we show that if we restrict the crystal to a
width of Dx perpendicular to the line which connects the monopole and the anti- monopole
we obtain N pairs of chiral zero modes . In chapter IV we consider the Landauer Buttiker
formulation for Dirac fermions with the perfect transmission |t|2 = 1 and compute the
electric conductance G,thermoelectric conductance L and thermal conductance κ at finite
2
temperatures for the ballistic condition. In chapter V, we include magnetic impurities which
give rise to backscattering with non perfect transmission, |t|2 < 1 allowing to investigate
the mesoscopic conditions In chapter VI, we propose an experimental set-up for testing th
theory. In section VII we present our conclusion.
II. The Weyl Hamiltonian with a boundary at z = 0, confined to the crystal
region −L ≤ z ≤ 0
The bulk of the Weyl semimetals ( WSMs) is dominated by Weyl points and linear,
low energy excitation. The Weyl points come in pairs with opposite chirality [8]. The
surface state of the WSMs is characterized by
′′
Fermi arcs
′′
that link the projection of
the bulk Weyl points in the Brillouine zone. The WSMs exist in materials where time-
reversal symmetry or inversion are broken. Recently, the non-centrosymmetric and non-
crystal magnetic transition-metal monoarsenide/posphides TaAs ,TaP , NbAs and NbP
have been predicted to be WSMs with 12 pairs of Weyl points [11]. We consider a WSM
Hamiltonian which describes fermions with opposite chirality and two singularities at kx =
±M . A WSM model without a boundary and two nodes ~M = [±M, 0, 0] is given by the
Hamiltonian:
H˜ =
∫
d3x~v
[
Ψˆ†R(~x)~σ ·
(
− i~∂ − ~M
)
ΨˆR(~x)− Ψˆ†L(~x)~σ ·
(
− i~∂ − (− ~M)
)
ΨˆL(~x)
]
(1)
This model is oversimplified and does not include the band dispersion which connects the two
nodes. In order to observe this connection, we need to study a model with two non-linearly
dispersed bands. We are guided by the fact that the singularities at kx = ±M describe a
monopole and anti-monopole . To describe the crossing of the bands in momentum space, we
will introduce a quadratic function of momentum g(k2x −M2) which reproduces the nodes
at ±M ( this polynomial is obtained by replacing −cos(kx) + 1 ≈ k2x2 ) for the two band
Hamiltonian hˆ(~k, z): hˆ(~k, z) = ~v
[
σyτ3ky + σzτ3kz + σyτ2g(k
2
x −M2)
]
. The Hamiltonian
with the boundary at z = 0 and potential energy ~vk0 is given by:
H =
∫
d2k
(2pi)2
∫ 0
−L
dz
[
~vΨˆ†(~k, z)h(~k, z)Ψˆ(~k, z)
]
;h(~k, z) = h(0)(~k, z) + h(1); (~k)
h(0)(~k, z) =
(
σzτ3(−i∂z) + σyτ2g(k2x −M2)
)
;h(1)(~k) =
(
σyτ3ky − k0I
)
(2)
3
with the zero modes solution, h(0)(~k, z)Ui=1,2(~k, z) = EUi=1,2(~k, z).
U(~k, z) = eλzV (~k) =
∑
s=±
[
θ[k2x−M2]eg(k
2
x−M2)zηi,+;s+θ[−k2x+M2]e−g(−k
2
x+M
2)zηi,−;s(~k)
]
; k2 6= M2
(3)
We mention that in addition to the zero modes E = 0 we have non-zero modes excitations.
At low temperatures, we can neglect the nonzero modes. Therefore for temperatures T <
TM we ignore the non zero modes. The probability for exciting non zero modes on the
surface is ff.D.n6=0 = (1 + e
~v
√
k2y+k
2
x−~vk0
KBT )−1 and the probablity for exciting zero modes is
ff.D.n=0 = (1 + e
~v|ky |−~vk0
KBT )−1. At low temperatures we have , ff.D.n6=0 << ff.D.n=0.
According to [6], we identify the zero modes with boundary surface states at z = 0.
The zero mode solutions ηi,±;s, i = 1, 2 with the index ± refering to the momentum region
k2x > M
2 or M2 > k2x while s refers to ±kx [5].
η1,+;s =
√
1
2
[
i, 0, 0, 1
]T
, η1,−;s =
√
1
2
[
− i, 0, 0, 1
]T
η2,+;s =
√
1
2
[
0, i, 1, 0
]T
, η2,−;s =
√
1
2
[
0,−i, 1, 0
]T
(4)
Following [5? ] we diagonalyze h(1)(~k) in terms of the zero modes operators C1,−;s, C2,−;s,
C1,+;s, C2,+;s .
H⊥ =
∫
dky
(2pi)
∑
kx
∑
±
[
~v
[
ky
(
− iC†1,−;s(~k)C2−;s(~k) + iC†2−;s,(~k)C1−;,s(~k)
)
−k0
(
C†1,−;s(~k)C1,−;,s(~k) + C
†
2,−;s(~k)C2,−;s(~k)
)]
θ[k2x −M2]
+~v
[
ky
(
− iC†1,+;s(~k)C2,+;s(~k) + iC†2,+;s,(~k)C1,+;,s(~k)
)
−k0
(
C†1,+;s(~k)C1,+;,s(~k) + C
†
2,+;s(
~k)C2,+;s(~k)
)]
θ[−k2x +M2]
]
(5)
We replace the operator C1,−;s, C2,−;s, C1,+;s, C2,+;s with the eigenvalue operators, C±,±;s.
We have the transformation : C1,−;s = 1√2(C+,−;s + C−,−;s) , C1,+;s =
1√
2
(C+,+;s + C−,+;s)
C2,−;s = i√2(C+,−;s−C−,−;s) ,C2,+;s = 1√2(C+,+;s+C−,+;s). We replace the spinors ηi,+;s ,ηi,−;s
i = 1, 2 with transformed spinors η±,+;s, η±,−;s:
η+,−;s =
1√
2
[−i, 1, i, 1], η−,−;s = 1√
2
[−i,−1,−i, 1]; η+,+;s = 1√
2
[i,−1, i, 1], η−,+;s = 1√
2
[i, 1,−i, 1]
(6)
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For a sample of width Dx, the momentum kx is discreet, kx =
2pi
Dx
(nx +
1
2
), nx = ±1,±2....
(see Figure.1) with nx,max. given by nx,max. =
M
2pi
Dx
− 1
2
. At finite temperature T < TM , we
can define N as the number of excited modes in the x direction, N = KBT~v⊥ 2piDx
(~v⊥ 2piDx the
excitation energy in the x direction which satisfies the conditions v⊥ < v) .When nx,max. is
larger than the thermal mode excited N , we have the representation ( nx,max. > N):
H⊥ =
∑
s=±
∫
dky
2pi
[
~v(ky − k0)
(
C†+,−;s(~k)C+,−;s(~k) + C
†
−,−;s(~k)C−,−;s(~k)
)
+
N∑
nx=1
∑
s=±
∫
dky
2pi
~v(ky − k0)
(
C†+,−;s,nx(~k)C+,−;s,nx(~k) + C
†
−,−;s,nx(~k)C−,−;s,nx(~k)
)
+
nx,max∑
nx=N
∑
s=±
∫
dky
2pi
~v(ky − k0)
(
C†+,−;s,nx(~k)C+,−;s,nx(~k) + C
†
−,−;s,nx(~k)C−,−;s,nx(~k)
)]
(7)
For the case nx,max. > N we have only modes which obey k
2
x > M
2 with spinors η+,−;s and
η−,−;s.
In the opposite situation, nx,max. < N , we have two type of modes : modes with k
2
x > M
2
and modes with k2x < M
2. For this case, we have both spinors η+,+;s , η−,+;s see Eq.3 and
η+,−;s , η−,−;s.
H⊥ =
nx,max.∑
nx=1
∑
s=±
∫
dky
2pi
~v(ky − k0)
(
C†+,−;s,nx(~k)C+,−;s,nx(~k) + C
†
−,−;s,nx(~k)C−,−;s,nx(~k)
)
+
N∑
nx=nx,max.
∑
s=±
∫
dky
2pi
~v(ky − k0)
(
C†+,+;s,nx(~k)C+,+;s,nx(~k) + C
†
−,+;s,nx(~k)C−,+;s,nx(~k)
)
(8)
For this case we use the spinors η+,+;s and η−,+;s (see Eq.3).
In Figure 1, we show the one dimensional channels as a function of the discreete mo-
mentum kx. We observe that for each value of kx , we have left and right fermions. This
demonstrates that the surface of Weyl semimetal is equivalent to N pair of chiral fermions
(see Figure.1) .
III-The quasi one-dimension edge mode
For a narrow width, Dx, we can consider only the zero mode at fixed momentum kx = ± piDx
which propagates along the y direction. We have a mode with two chiralities. The y direction
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needs to be perpendicular to the line connecting the pair of monopole anti-monopole. Thus,
we replace H⊥ → Hedge. The Hamiltonian at the fixed momentum kx = ± piDx takes the
form:
Hedge =
∑
s=±
∫
dky
2pi
[
~v(ky − k0)C†+,−;s(~k)C+,−;s(~k) + ~v(−ky − k0)C†−,−;s(~k)C−,−;s(~k)
]
(9)
We represent C+,−;s(ky) and C−,−;s(ky) in terms of the particle operators a(k) and anti-
particle b†(k):The second minus stand for the case that k2x < M
2 .
C+,−;s(ky) = a+,−;s(ky)θ[ky]+b
†
+,−;s(−ky)θ[−ky]; C−,−;s(ky) = a−,−;s(−ky)θ[−ky]+b†−,−;s(ky)θ[ky]
(10)
For 0 ≤ k < ∞, we introduce k = q + kF , and for −∞ < k ≤ 0, we introduce k = q − kF
with −2kF ≤ q ≤ 2kF . We introduce an ultraviolet cut-off Λ , 2kF = pia ≈ Λ. At half
filling k0 = 0, the fermion field is given in terms of the left and right movers : C−,−;s(y) =
e−ikF yψ−,−;s(y)η−,−;s , C+,−;s(y) = eikF yψ+,−;s(y)η+,−;s , where :
ψ+,−;s(y) =
∫ Λ
−Λ
dq
2pi
ψ+,−;s(q)η+,−;seiqy ;ψ−,−;s(y) =
∫ Λ
−Λ
dq
2pi
ψ−,−;s(q)η−,−;se−iqy
ψ+,−;s(q) = α+,−;s(q)θ[q] + β
†
+,−;s(−q)θ[−q];ψ−−;s(q) = α−,−;s(q)θ[q] + β†−,−;s(−q)θ[−q]
α+,−;s(q) = a+,−;s(q + kF ), β
†
+,−;s(−q) = b†+,−;s(−q − kF ); α−,−;s(q) = a−,−;s(q + kF )
β†+,−;s(−q) = b†+,−;s(−q − kF )
(11)
For k0 6= 0 we find following the representation for the Hamiltonian in Eq.(4):
Hedge+ =
∑
s=pm
∫ ∞
−∞
dyhedge+;s (y) =
∑
s=±
∫ ∞
−∞
dky
2pi
C†+,−;s(ky)C+,−;s(ky)~v(ky − k0) ≈
∫ Λ
0
dq
2pi
[
~v(q − V )α†+,−;s(q)α+,−;s(q)
−~v(q + V )β+,−;s(q)β†+,−;s(q)
]
=
∑
s=±
∫ ∞
−∞
dyψ†+,−;s(y)(∂y − V )ψ+.−;s(y), V = k0 − kF
Hedge− =
∑
s=±
∫ ∞
−∞
dyhedge−;s (y) =∫ ∞
−∞
dky
2pi
C†−,−;s(ky)C−,−;s(ky)~v(−ky − k0) ≈
∑
s=±
∫ Λ
0
dq
2pi
[
~v(q − V )α†−,−;s(q)α−,−;s(q)
−~v(q + V )β−,−;s(q)β†−,−;s(q)
]
=
∫ ∞
−∞
dyψ†−,−;s(y)(−i∂y − V )ψ−,−;s(y), V = k0 − kF
(12)
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We notice the negative sign for the anti-particle Hamiltonian and the effect of the voltage
bias V = k0 − kF which represents the chemical potential shift .
Using the continuity equation for the left and right movers ∂t(eψ
†
−,−:s(y)ψ−,−;s(y)) +
∂yJ
el
−;s(y) = 0, ∂t(eψ
†
+;s(y)ψ+;s(y)) + ∂yJ
el
+;s(y) = 0, we obtain the electrical currents :
Jel−;s(y) = evψ
†
−,−;s(y)ψ−,−;s(y) and J
el
+;s(y) = −evψ†+,−;s(y)ψ+,−;s(y)
Due to the fact that the energy is computed relative to the Fermi energy allows us
to identify the thermal energy with the energy computed from the Hamiltonian with the
subtracted ground state. As a result the heat current and the energy current are the same.
The heat current is obtained from the continuity equation for the energy densities hedge+;s (y)
and hedge−;s (y):
dhedge−;s
dt
+ ∂yJ
heat
−;s (y, t) = 0;
dhedge+;s
dt
+ ∂yJ
heat
+;s (y, t) = 0
Jheat+;s (y, t) = −~v2ψ†+,−;s(y)(i∂y − V )ψ+,−;s(y); Jheat−;s (y, t) = ~v2ψ†−,−;s(y)(−i∂y − V )ψ−,−;s(y)
(13)
The thermal current is given by the expectation value of the operator Jheat±;s (Q→ 0, ω → 0)
〈Jheat;s+;s (Q→ 0, ω → 0)〉 = −~v2
∫ Λ
0
dq
2pi
[
(q − V )〈α†+,−;s(q))α+,−;s(q)〉 − (q + V )〈β+,−,−;s(q)β†+,−;s(q)〉
]
〈Jheat−;s (Q→ 0, ω → 0)〉 = ~v2
∫ Λ
0
dq
2pi
[
(q − V )〈α†−,−;s(q))α−,−;s(q)〉 − (q + V )〈β−,−;s(q)β†−,−;s(q)〉
]
(14)
Where 〈α†±;s(q))α±,−;s(q)〉 = nF (q − V ) = 1
1+e
~vq−V
KBT
, 〈β±,−;s(q)β†±,−;s(q)〉 = 1− nF (q + V ) =
1− 1
1+e
~vq+V
KBT
.
IV-The electric and thermal conductivity: an application of the Landau Bu-
tikker approach to one- dimensional Dirac fermions
We will follow the Landau Buttiker approach based on the S matrix given by [14–16]
using the modification introduced for particle and anti-particle formulation .
IVa-The perfect transmission at finite temperatures.
In the presence of a random potential U(y), the spinor structure of the zero modes Eq.(6)
shows that backscattering is prohibited. As a result, the transmission function is |t()|2 = 1.
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We will first consider the electrical conductance. We attach the left reservoir to a source
with a voltage eVG and the right reservoir to a source with zero voltage VG = 0. When we
add the contribution from the two leads, we obtain [15] :∑
s=±
〈Jel+;s(Q→ 0, ω → 0)〉+ 〈Jel−;s(Q→ 0, ω → 0)〉
=
∑
s=±
∫ Λ
0
dq
2pi
ev
[(
nF (q − V + eVG)− (nF (q − v)
)
−
(
nF (q + V − eVG)− nF (q + V )
)]
≈ 2e
2
h
VG
[ ∫ ∞
−V
KBT
dx∂xnF (x) +
∫ ∞
V
KBT
dx∂xnF (x)
]
, x =
~vq
KBT
(15)
The electrical conductance G = 2e
2
h
is depicted in Fig. 3.
Next, we consider the thermoelectric effects . We attach a thermal reservoir at tem-
peratures T + ∆T to the left and the reservoir at temperature T to the right [7, 9, 12].
Considering the particle and anti-particle contributions, we find the following equation for
the thermal conductivity:∑
s=±
〈Jheat+;s (Q→ 0,Ω→ 0)〉+ 〈Jheat−;s (Q→ 0,Ω→ 0)〉 = ~v2 ·∫ Λ
0
dq
2pi
[
(q − V )
(
nF (q − V )T+∆T − nF (q − V )T
)
+ (q + V )
(
(nF (q + V )T+∆T − nF (q + V )T
)]
≈ 2K
2
BT
h
(−∆T )
[ ∫ ∞
−V
KBT
x2∂xnF (x)dx+
∫ ∞
V
KBT
x2∂xnF (x)dx
]
(16)
The finding is depicted in Figure 2, κ =
2pi2K2BT
3h
.
The electric current generated by a thermal gradient is given by:∑
s=±
〈Jel+;s(Q→ 0,Ω→ 0)〉+ 〈Jel− (Q→ 0,Ω→ 0)〉
=
∫ Λ
0
dq
2pi
ev|t|2
[(
nF (q − V )T+∆T − nF (q − V )T −
(
nF (q + V )T+∆T − nF (q + V )T
)]
2
eKB
h
(−∆T )
[ ∫ ∞
− V
KBT
x∂xnF (x)dx+
∫ ∞
V
KBT
x∂xnF (x)dx
]
(17)
We observe that the thermoelectric conductance L disappears, as shown in Figure 4.
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The temperature determins N , the number of excited transversal modes. As result the
conductance G, the thermal conductance kappa, the thermoelectric conductance L are re-
placed by:G = N 2e
2
h
, κ = N 2pi
2
3h
K2BT and L = N
2e
h
KB · 0.
IVb- The ballistic conductances for |t|2 = 1
The thermal current for |t()|2 = 1 for a finite size system of the size L < 1µ, and a
temperature of 3K. The energy in the lowest mode is 0 = 0.63 · 10−3ev and the energies in
the wire are n = (n+
1
2
)0 . For a bandwidth of 0.1ev we will have 100 modes. For a finite
temperatures we have N pair of channels.
The thermal conductance is given by :
Iheat = N · v
L
n=160∑
n=1[
(n − V )
(
nF (n − V )T+∆T − nF (n − V )T
)
+ (n + V )
(
nF (n + V )T+∆T − nF (n + V )T
)]
= N · KBTv
L
n=200∑
n=1[
(
n − V
KBT
)
(
nF (n − V )T+∆T − nF (n − V )T
)
+ (
n + V
KBT
)
(
nF (n + V )T+∆T − nF (n + V )T
)]
(18)
The heat current at T = 3K in Figure 5 fluctuates as a function of the bias voltage V
measured in electron volts, Iheat = NKBT
v
L
[0.15− 0.25]Joule
sec
.
The electrical conductance is shown in Figure 6. The conductance oscillates as a function
of the voltage bias V .
Iel. = N · ev
L
·
n=160∑
n=1
[(
nF (n − V + eVG)T − nF (n − V )T
)
−
(
nF (n + V − eVG)T − nF (n + V )T
)]
(19)
The electrical current is Iel = N
ev
L
[0.05− 0.09]Ampere ≈ N · 10−7[0.05− 0.09]Ampere.
The thermoelectric current is given by:
Iel. = N · ev
L
·
n=160∑
n=1
[(
nF (n − V )T+∆T − nF (n − V )T
)
−
(
nF (n + V )T+∆T − nF (n + V )T
)]
(20)
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The thermoelectric current in Figure 7 shows strong oscillations as a function of the voltage
bias V ,Iel = N
ev
L
[±0.01]Ampere ≈ N · 10−7[±0.01]Ampere The results in Fiigure 7 are
in agreement with the experimental results [3] in silicon where oscillations for the Seebeck
coefficient have been reported as a function of the electronic density.
V-The conductances for the mesoscopic conditions
In order to have a finite scattering matrix element, we need to have backscattering. For
this purpose, we use a model of a random magnetic field (σ1 ⊗ I)Hx(y) with the property :
〈Hx(q)Hx(q′)〉 = Hscδ[q+q′]. Such a model is obtained from a one dimensional configuration
of paramagnetic impurities. Doping the Weyl semimetal surface with paramagnetic impu-
rities in a narrow strip of width dx < Dx in the x direction guarantees that the momentum
scattering will be in the y direction. Due to the spinor representation in Eq.(4) we find that
the matrix elements (σx ⊗ I) are non-zero. For such a scattering potential we obtain:∫ ∞
−∞
dyψ†+,−;s(y)(η+,−;s)
†(σx ⊗ I)η−,−;sHx(y))ψ−,−;s(y) 6= 0∫ ∞
−∞
dyψ†−,−;s(y)(η−,−;s)
†(σx ⊗ I))η+,−;sHx(y)ψ+,−;s(y) 6= 0∫ ∞
−∞
dyψ†+,+;s(y)(η+,+;s)
†(σx ⊗ I)η−,+;sHx(y))ψ−,+;s(y) 6= 0∫ ∞
−∞
dyψ†−,+;s(y)(η−,+;s)
†(σx ⊗ I))η+,+;sHx(y)ψ+,+;s(y) 6= 0
(21)
Due to the spinor structure, η±,+;s and η±,−;s the scattering matrix elemets (σx ⊗ I) will
occour between the pair with the same momentum kx. The S matrix is identical for holes
and particles and determin the transmission function |t()|2 < 1. The transmission function
is obtained from the T matrix formula given in Eq. 5.40 page 88 [15]. For many channels,
for the case nxmax. > N we have :
Ψ(x, y) =
∑
s=±
[(
eikF yψ+,−;s,(y)η+,−;s + e−ikF yψ−,−;s,(y)
)
η−,−;s +
N∑
nx=1
(
eikF yψ+,−;s,nx(x, y))η+,−;s + e
−ikF yψ−,−;s,nx(x, y))η−,−;s
)
]
(22)
The scattering matrix with for a strip of paramagnetic impurities is given by the field
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Hx(y).This field will generate backscattering matrix elements. Since the scattering potential
is only a function of y, the backscattering will occur at the same momentum kx.
In the case of nx,max < N , we have the representation:
Ψ(x, y) =
∑
s=±
[(
eikF yψ+,−;s,(y)η+,−;s + e−ikF yψ−,−;s,(y)
)
η−,−;s +
∞∑
nx=nx,max
(
eikF yψ+,−;s,nx(x, y)η+,−;s + e
−ikF yψ−,−;s,nx(x, y))η−,−;s
)
+
∑
s=±
N∑
nx=nx,max
(
eikF yψ+,+;s,nx(x, y)η+,+;s + e
−ikF yψ−,+;s,nx(x, y))η−,+;s
)
(23)
In order to apply the Landau Buttiker theory we need to be under conditions where the
elastic scattering length le , the length of the system L and the thermal length LT obey the
relations le ≤ L ≤ LT . le is determined by the disorder. The use of a random field in the
x direction (or to have magnetic impurities) will generate backscattering. As a result for
low temperatures we will be able to satisfy the condition le ≤ L ≤ LT . We will consider a
finite size system of the size L < 1µm, and a temperature of 3K. Due to the (σ1 ⊗ I)Hx(y)
scattering field 〈Hx(q)Hx(q′)〉 = Hscδ[q + q′] we will have localized states in one dimension
. According to [16] the S matrix and the transmission matrix are given in Eqs.3.2.7 3.2.8.
Eq.3.5.3 [16] contains an explicit form of the transmssion function from which we can obtain
the transmission function in the Lorentz approximation at finite temperature:
|t()|2 ≈
∑
n
(Γ
2
)2
(− n)2 + (Γ2 )2
(24)
Using this approximation we compute the thermoelectric current.
Iel. = N
e
h
∫ ∞
0
d|t()|2
[(
nF (− V )T+∆T − nF (− V )T
)
−
(
nF (+ V )T+∆T − nF (+ V )T
)]
= N
e
h
KBT
∫ ∞
0
dx|t(xKBT )|2
[[(
nF (x− V
KB(T + ∆T )
)
−
(
nF (x− V
KBT
)]
−
[(
nF (x+
V
KB(T + ∆T )
)
− nF
(
x+
V
KBT
)]]
(25)
This result is presented in Figure 9. Comparing the thermoelectric current in Figure 7
with Figure 9, we observe that the reduction in the transmission function decreases the
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thermoelectric current. Figure 9 also show that at small voltages bias the thermoelectric
current is enhanced.
VI- Proposed experimental set up for testing thermoelectricity
We will chose a Weyl semimetal material with the surface at z = 0 and width few
millimeters in the z direction.To be in the mesoscopic regime the temperature should be
below 5k , the length in the y direction ≈ 1µm and the width in the x direction below 0.1µm.
On the left side of the sample we apply a heating device which will create a temperature
T + ∆T The right side of the sample is held at temperature T . A random magnetic field
or paramagnetic impurities on the surface are requiered in order to observe backscattering
.The field is y dependent. Backscattering will occur only when the right and left channel
have the same momentum kx. As result, we will observe a thermoelectric voltage between
the left and right side of the sample. The sign of the voltage will depend on the value of the
voltage V bias. In the z direction we have a crystal of milimeter length. Our computation
predicts that for perfect transmission |t|2 = 1 (absence of backscattering) the thermoelectric
cuurent is significantly higher than the thermoelectric current obtained when backscattering
is allowed. This symmetry afects the value of the thermoelectric current and can be used
as a detection signature. At low temperature we have only one channel , N = 1. With the
increases of the temperature the conductances will scale with the factor N , but the ratio
between the conductances with and without backscattering will be N independent.
VII-Conclusion
Quantum effects are predicted for thermoelectricity. The computation is performed for
surface zero modes which are protected against backscattering. The effect of magnetic
impurities allows to probe the thermal effect as function of the scattering length le and
confirm the oscillation of the thermoelectric conductance as a function of the voltage bias.
An experimental set up was proposed to test our theory.
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1 Introduction
kx

2⇡
Dx
 
(1.1)
2 Infinite Families of Theories
We will illustrate our ideas in three infinite families of gauge theories for toric CYm+2
singularities.1 These families will be introduced in the three coming sections. We will
present all of them using the same template:
• We will first introduce the geometries.
• For each of the families, we will discuss one approach for deriving the correspond-
ing gauge theories. The topological B-model will provide an alternative procedure
for doing so. In general, there are multiple ways of deriving the gauge theories.
Interestingly, the families we will introduce serve to illustrate a wide range of
methods.
• We will then introduce the gauge theories, namely the quivers and the poten-
tials. We will show that the theories satisfy the consistency checks of generalized
anomaly cancellation and vanishing of the Kontsevich bracket for the potential.
• Using the combinatorial tools discussed in §??, we will show that the moduli
spaces of the gauge theories indeed correspond to the desired geometries. This is
an independent verification of the proposed gauge theories.
• We will also investigate additional properties of some these families, such as
connections to other theories via partial resolution and interesting behavior under
mutations.
1For brevity, throughout the paper we will use the term gauge theory as a synonym of graded quiver
with potential. We will do so even for m > 3 for which, as explained earlier, there is no gauge theory
interpretation.
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FIG. 1: The one dimensional propagating channels as a function of the momentum kx = ± 2piDx (nx+
1
2). The figure shows a finite number of channels. We observe that for each momentum kx we have
two conducting channels.
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FIG. 2: The thermal conductance is κ =
pi2K2BT
3h I[
V
KBT
] where I[ VKBT ] ≈ 1, |t|2 = 1
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FIG. 3: The conductance is given by G = 2eh .
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FIG. 4: The thermoelectric conductance L = 2eh KB for the transmission |t()|2 = 1
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FIG. 5: The thermal heat current plot is given for a temperature T ≈ 3 (see figure 5 ) as a function
of the voltage bias V = ~v(k0 − kF ) ,the velocity was 105 msec and the temperature difference was
0.1K .This figure includes ncludes particle and hole contributions . The heat current fluctuates as
a function of the bias voltage V measured in electron volt, Iheat = NKBT
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FIG. 6: The electrical conductance at 3k for eVG = 0.0001ev. Iel. = N · evL [0.04− 0.08]Ampere.
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FIG. 7: The Thermoelectric current for the transmission |t()|2 = 1. Iel. = N · evL ...± 0.02Ampere
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FIG. 8: The transmission function |t()|2 ≈ ∑n ( Γ2 )2(−n)2+( Γ2 )2 .We show results for the case that
0 ≈ Γ.
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FIG. 9: The thermoelectric current for the mesoscopic case is Iel. = N
eKBT
h ± 0.015....Ampere ,
δT = 0.1K at T = 3K.
ΔV 
Τ+ΔT Τ 
Ι 
y 
x 
FIG. 10: The proposed experiment.The effect of the paramagnetic impurities is showing by the
arrow in the x direction in the figure. We mention that the effect of the random paramagnetic
impurities can be achived by applyng a magnetic field of 1milimeter wavelength.The left side of
the sample is connected to a currentI to create a elevated temperature T + ∆T with trespect the
right side. A voltage ∆V is induced by the temperature difference
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